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These notes are based on Lecture 3 of Nick Gill’s course on Finite Clas-
sical Groups [1].

1 Sesquilinear forms

Let V be a vector space over a field F.

Definition 1.1. A sesquilinear form on a vector space V is a map [ :
V x V — F such that for all u € V we have:

e The map v — B(v,u) is linear.
e The map v — B(u,v) is semilinear.

If the latter map is o-sesquilinear, we say that [ is a o-sesquilinear form.
For o = id we say it is a bilinear form.

Definition 1.2. A sesquilinear form S is reflexive if S(u,v) = 0 implies
B(v,u) =0 for all u,v e V.
A radical of a reflexive sesquilinear form [ is the set

Rad(B) ={ve V| B(v,u) =0 for all u € V}.
A reflexive sesquilinear form f is non-degenerate if its radical is {0}.
Let PG(V) be the set of all subspaces of V.

Definition 1.3. A duality induced by a sesquilinear form [ is a map A :
PG(V) — PG(V) defined by

AU)=U*r={weV|Bwu)=0forall ucU}.
We say that a sesquilinear form g is
1. o-Hermitian if B(u,v) = B(v,u)? for all u,v € V.
2. symmetric if 5(u,v) = 8(v,u) for all u,v € V.

3. alternating if S(u,u) =0 for all u € V.
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skew-symmetric if (u,v) = —f(v,u) for all u,v € V.

Lemma 1.4. Let 8 be a non-degenerate sesquilinear form on V. Then

1.
2.

If B is o-Hermitian, then o* = id and B(v,v) € fix(c) for allv € V.
If B is alternating, then it is also skew-symmetric.

If B is skew-symmetric and then char(F) # 2, then it is also alternat-
ing.

. If B is symmetric, alternating or skew-symmetric, then it is bilinear.

If B is o-Hermitian, symmetric, alternating or skew-symmetric, then
it is reflexive.

Theorem 1.5. Let 8 be a non-degenerate reflexive o-sesquilinear form on
a vector space V of dimension at least 3. Then it is either symmetric,
alternating or a scalar multiple of a o-Hermitian form.

Proof. We will only prove the theorem for the case when § is bilinear. We
call a vector u € V' fine if f(u,v) = B(v,u) # 0 for some v € V.
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Suppose there is no fine vector in V. Then f(u,u) =0 for all u € V,
so [ is alternating.

Suppose there is a fine vector u € V and let v € V be such that
B(u,v) = B(v,u) # 0. We have the following calculation

B(u,v)B(u, w) — B(u,w)s(u,v) =0

We see that any fine vector commutes with all other vectors. So take
any vector w € V. If f(u,w) # 0, w is fine, so it commutes with every
vector. If B(u,w) = 0, then B(u,w + v) # 0, so w + v is fine. Since
w +v and v commute with every vector, so does w. We conclude that
[ is symmetric.

O]

Definition 1.6. A o-sesquilinear form 3 is trace-valued if 5(v,v) € trace(o)
for all v € V', where

trace(o) = {z + 27 | x € F}.

Lemma 1.7. A non-degenerate o-sesquilinear form (3 is not trace-valued if
and only if char(F) = 2 and B is symmetric but not alternating.



Proof. The lemma is trivial for alternating forms, so assume [ is not al-
ternating. We know that S(u,u) € fix(o) for all w € V. We claim that
fix(o) = trace(o), which implies the lemma.

Let = € fix(o). If char(F) # 2 then z = x/2 + (z/2)? € trace(o). If
char(F) = 2 and § is not symmetric, then there is a scalar y € F such that
y # y°. Thus y + y° # 0 and we have

g
i +< i ) € trace(o).

€r =
y+y° y+y°

2 Quadratic forms

Definition 2.1. A quadratic form on a vector space V isamap @Q:V — F
such that for all u,v € V and A € F we have:

« QOw) = \Q(u).
e Themap Bg : VxV — F defined by Bg(u,v) = Q(u+v)—Q(u) —Q(v)

is bilinear.

Definition 2.2. A singular radical of a quadratic form @ is the set

Rad(Q) = {v € Rad(fq) | Q(v) = 0}.
A quadratic form @ is non-singular if its singular radical is {0}.

If char(F) # 2, there is a one-to-one correspondence between quadratic
forms and symmetric bilinear forms. In one directon this correspondence is
given by Q — g, while in the other direction it is given by 8 — Qg, where

Qp(v) = p(v,v)/2.
In char(F) = 2 many quadratic forms induce the same symmetric bilinear
form.

3 Formed spaces

Definition 3.1. A formed space is a pair (V, k), where V is a vector space
and k is either a trace-valued non-degenerate reflexive o-sesquilinear form
or a non-singular quadratic form on V.

The space (V, k) is called
o symplectic if k is an alternating bilinear form.

e unitary if x is a o-Hermitian form.



o orthogonal if k is a symmetric bilinear form and char(F) # 2 or if & is
a quadratic form.

Definition 3.2. Formed spaces (V, Q) and (V', Q') are isomorphic if there

is a linear isomorphism A: V' — V' such that Q'(Av) = Q(v) for all v € V.
Formed spaces (V, ) and (V', ') are isomorphic if there is a linear

isomorphism A: V — V' such that §'(Au, Av) = B(u,v) for all u,v € V.

Let (V, 8) be a formed space and let U < V be a subspace of V.

Definition 3.3. The subspace U is a hyperbolic line if U = (u,v) and

B(u,u) = B(v,v) = 0 and Blu,v) = 1.
The subspace U is anisotropic if f(u,u) # 0 for all u € U \ {0}.

Theorem 3.4. A formed space (V, k) is isomorphic to an orthogonal sum
of hyperbolic lines and an anisotropic subspace.

Proof. Define f: V — F by f(v) = B(v,v). If f(u) # 0 for all u # 0 then
the whole space V' is anisotropic and we are done. So assume f(u) = 0
for some u # 0. Since [ is non-degenerate, there is a vector v such that
B(u,v) # 0. We can scale v so that 5(u,v) = 1. We have

flo+du) = f(v) + A+ X7,

so there is A such that f(v + Au) = 0, since [ is trace-valued. We conclude
that the subspace (u,v + Au) is a hyperbolic line. We can now replace
V' with the orthogonal complement of this hyperbolic line and repeat the
process. O

We now want to determine the possible anisotropic spaces. If (V, ) is
symplectic, the only possible anisotropic space is trivial, so V is an orthog-
onal sum of hyperbolic lines.

From now on we will assume that F is a finite field. Recall that for
any prime power p" there is a unique finite field F,» of order p" and that
Aut(F,n) is cyclic of order n, generated by the Frobenius automorphism
¢: x — 2P. For Fpn to have an automorphism or order 2, n has to be
even. In that case we can write F 2 for the field and o: z — 27 for the
automorphism of order 2.

Lemma 3.5. Let (V, 3) be a unitary formed space of dimension d and let U
be an anisotropic subspace of V.. Then dimU = 0 if d is even and dimU = 1
if d is odd. Also U is unique up to isomorphism.

Proof. 1t is enough to prove that dimU < 1. Assume that dimU > 2 and
let u, v be two orthogonal vectors in U. We have

B(u~+ Av,u + M) = S(u, u) + AN B(v,v).



There is A € F such that this is zero, which contradicts the fact that U is
anisotropic.

Let U = (u) and U’ = (u) be two anisotropic subspaces. There exists
A € F such that A7 = B(u,u)/B(u/,u'). Then the linear isomorphism
A: U — U’ defined by Au = \u/ satisfies 5/ (Au, Au) = B(u,u). O

Lemma 3.6. If (V, Q) is an orthogonal formed space and U is an anisotropic
subspace of V', then dim U < 2. Furthermore, U is unique up to isomorphism
for each dimension, except when char(F) is odd and dimU = 1. In this case
there are two such subspaces, one is a non-square multiple of the other.

Proof. Assume that dimU > 3.

If char(F) = 2, then let u,v be two orthogonal vectors in U. Then
Q(u + M) = Q(u) + \2Q(v). Since every element of F is a square, there is
A such that Q(u+ A\v) = 0, which contradicts the fact that U is anisotropic.

If char(F) is odd, take three pairwise orthogonal vectors u,v,w in U.
There exist A, u € F such that AQ(u) + pQ(v) + Q(w) = 0. Then Q(Au +
v + w) = 0, which contradicts the fact that U is anisotropic. O
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